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developed by Frank Lauren Hitchcock [11], [16]. The transportation

Abstract— basic transportation problem was originally
problem which transports goods from m sources to n different
destinations to minimize total shifting cost. A fuzzy transportation
problem is a transportation problem in which the transportation costs,
supply and demand quantities are fuzzy quantities. In a fuzzy
transportation problem, all parameters are fuzzy number. The aim of
Fuzzy transportation is to find the least transportation cost of some
commodities through a capacitated network when the supply and
demand of nodes and capacity and cost of edges are represented as
fuzzy numbers. Fuzzy numbers may be normal or subnormal,
Triangular or Trapezoidal or any Fuzzy Russell fuzzy number. Some
fuzzy numbers are not directly comparable. In real life case,
transportation unit costs have not been precisely determined
beforehand, but they are specified by the fuzzy parameters. This
paper presents a simple and efficient method that is better than the
existing methods, easy to understand and also can give an optimal
solution. The proposed method, Improved Zero Point Method (IZPM)
[10], is used for solving unbalanced fuzzy transportation problems by
assuming that a decision maker is uncertain about the precise values
of the transportation cost only. In this paper I would like to present,
how a fuzzy transportation problem can formulate perfectly for
reaching to the optimal solution.

Keywords— Fuzzy Sets, Fuzzy Numbers, Arithmetic Operation on
Fuzzy Number, Fuzzy Transportation Problem

1.0 Introduction

The idea of fuzzy set was introduced by Zadeh [29] in 1965. The
linear programming formulation and the associated systematic
method for solution were first given by Dantzin [9] then after 1960°s
Bellman and Zadeh [4] proposed the concept of decision making in
fuzzy environment. Lai and Hwang [19] others consider the situation
where all parameters are fuzzy. There are several solution methods

for transportation problem when prices and quantities are given as
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crisp numbers [13], [17]. Several variations of transportation methods
have been using with the table methods such as the northwest corner
method, the shortcut methods and Russell’s approximation method
[13], [17]. Some others [1], [5], [27] have been using special
techniques for linear programming problem because the classic single
objective transportation problem is a special case of the linear
programming problem. However, recently fuzzy programming
approach started to use the optimal solutions of multi objective or
single objective transportation problem [6], [18], [19], [26], [27]. For
instance, Wahed [26] represent the fuzzy programming approach to
determine the compromise solution of multi objective transportation
problem. Kikuchi [18] proposed a simple adjustment method that
finds the most appropriate set of crisp numbers. Wahed [27]
presented an interactive fuzzy goal programming approach to
determine the preferred compromise solution for multi objective
transportation problems. In reality, it is not possible to determine both
quantities and transportation unit prices, but the fuzzy numbers gives
best approximation of them. A model solving the transportation
problem is given in [19] when quantities are fuzzy and prices are
crisp. Again in [18] is given a methods determining quantities that is
satisfied the higher satisfactory level while quantities is only fuzzy.
OhEigeartaigh [17], [22] considered the case where the membership
functions of the fuzzy demands are triangular forms for transportation
problems and solved it using table method. Geetha and Nair [14]
formulated a stochastic version of the time minimizing transportation
problem and developed an algorithm based on parametric
programming to solve it when transportation time is considered to be
independent, positive normal random variables. Chanas,
Kolodziejczyk and Machaj [6] are analyzed the transportation
problem with fuzzy supply values of deliverers and with fuzzy
demand values of the receivers. Liu and Kao [20] developed a
procedure to derive the fuzzy objective value of the fuzzy
transportation problem, in that the cost coefficients and the supply
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and demand quantities are fuzzy numbers basing on extension
principle. Ahlatioglu, Sivri and Giizel [2] proposed a solution
algorithm finding all fuzzy optimal solution of the transportation
problem that the cost coefficients and the supply and demand
quantities are fuzzy numbers. Chanas and Kuchta [7] proposed an
algorithm that solves the transportation problem with fuzzy supply
and demand values and integrality condition imposed on the solution.
Gen [15] describes an implementation of genetic algorithm to solve

Bicriteria Solid Transportation Problem.

In this paper I would like to discuss thoroughly regarding the
formulation of a fuzzy transportation problem. A numerical example
has been solved for showing how can we reach to the optimal
solution. Theory of fuzzy transportation problem, Fuzzy Russell’s
method, Fuzzy Vogel’s Approximation Algorithm (FVAM) and
Fuzzy Zero Point Method (FZPM) are discussed theory of fuzzy
transportation problem theory of fuzzy transportation problem theory
of fuzzy transportation problem in section 2. In section 3 In this
section we are presenting an algorithm to find the fuzzy feasible
solution and fuzzy optimal solution of a fuzzy transportation problem
and section 4 we have discussed results and conclusion respectively.
2.0 Preliminaries

L. A. Zadeh [29] advanced the fuzzy theory in 1965; the theory
proposes mathematical techniques for dealing with the concepts and
problems that have much possible solution. In year 1974 concept of
mathematical programming on a general level was first proposed by
Tanaka et al. in the frame work of fuzzy decision. In this section we
shall introduce ranking method for trapezoidal fuzzy numbers that
will be needed. Many different approaches for the ranking of fuzzy
numbers have been proposed in the literature. It seems that
parametric methods of comparing fuzzy numbers, especially in fuzzy
decision making theory, are more efficient that non parametric
methods. In Cheng [8] centroid point method, fuzzy numbers are
compared according to their Euclidean distance for the origin.
Negative fuzzy number in Cheng’s centroid point method where not
compared. Abbasbandy and Asad [3] found the chu and Tsao’s area
method occasionally causes non intuitive ranking. They presented the
sign distance method. But their method was non parametric methods

for comparing fuzzy numbers have some drawbacks in practice.

2.1 In Fuzzy Russell’s method we use Yager’s [28] Ranking method.

According to Yager ranking function:
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A ranking function R: F(R) - R, where F(R) is set of all fuzzy
numbers defined on set of real numbers, which maps each fuzzy

number in to a real number. Let A = [[al,az,a3,a4]] be any TFN

then
R(A) = wy(a; + b14+ ¢+ dy)
i. If R(A) > R(B) then we say A > B
ii. If R(A) < R(B) then we say A < B
iii. If R(A) = R(B) then we say A = B [then comparison is

not possible]
2.2 It is clear that non parametric methods for comparing fuzzy
number have some drawbacks in practices [12]. According to above
mentioned definition of fuzzy number:
Aw = [infu(r),sup u(r)], where 0 <r <w also w is arbitrary
constant with0 <w < 1. Then the value of
wA?® = [infu(a),supu(a)],0 < a <w is assigned for a decision

level higher than “a” which is calculated as follows:
1

M) =3

f:{ian(r) +supA(r) }dr; where 0<a<1 )
This quantity will be used as a basis for comparing fuzzy numbers in
decision level higher than a.
2.3 Measure of Fuzzy Numbers
A measure of a fuzzy number A is a functionM: F — R +, where F
denotes the set of all fuzzy numbers. For each fuzzy numberA, this
function assigns a non-negative real number M (A) that expresses the
measure of A. This means that a fuzzy number is obtained by the
average of two side areas (left and right side area), from membership
function to a axis.

2.3.1 M(A) = Aifand only if A is a crisp number

232 A<B if and only if M(A) < M(B), M*(wA) = 0 if and

only if @ = w, Then we get,

M%(A) = %j{ian(r) +sup A(r) }dr

1

T2

f{:’ infA(r) dr + %f:’ sup A(r) dr )
2.4 Remarks: If Aw; and Bw, are two arbitrary fuzzy numbers with
wy,w; € [0,1] and a € [0, 1], then

2.4.1 Aw,; > Bw, if and only if M*(4) = M%(B)

2.4.2 Aw, < Bw, if and only if M*(A) < M*(B)
2.4.3 Aw; = Bw, if and only if M%(A) = M%(B) [then

comparison is not possible]

If a is close to one, the pertaining decision is called a “high level

decision”, in which case only parts of the two fuzzy numbers, with



membership values between « and 1, will be compared. On the other
hand if « is close to zero, the pertaining decision is referred to as a
“low level decision™ since members with membership values lower
than both the fuzzy numbers are involved in the comparison.

2.5 Fuzzy Transportation Problem

Consider a fuzzy transportation with m sources and n destinations
with fuzzy numbers. Let a; = [[ai(l),ai(z),ai(3),ai(4)]] (a; =0) be
the fuzzy availability at source i and b; = [[b]-(l),bj(z),b}-(3),b]-(4)]]
(b]- = 0) be the fuzzy requirement at destinationj. Let ¢;; =
[[ci 1D, ¢, ¢, ¢ (4)]] be the fuzzy unit transportation cost from

source i to destination j. Let x;; = [[xij(l),xij(z),xl-j(3),xl-j(4)]] be
the number of fuzzy units (Decision variables) to be transported from
source I to destinationj. Then The problem is to determine a feasible
way of transporting the available amount at each source to satisty the
demand at each destination so that the total transportation cost is
minimize.

The mathematical formulation of the fuzzy transportation problem
whose parameters are fuzzy numbers under the case that the total
supply is equivalent to the total demand is given by

Zmin = Z CijXij

i 1

m n
i=1j=

Subject to the constraint

andx;; = 0 foralliand;j

This above fuzzy transportation problem can be represented as

follows:
Destinations
1 2 n Supply
c Cip | e e c
1 11 12 in a
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2.6 Definition: [24] Any set of fuzzy non negative allocations x;;
which satisfies (in the sense equivalent) the row and the
restrictions is known as fuzzy feasible solution.

2.7 Definition: [24] A fuzzy feasible solution to a fuzzy
transportation problem with m sources and n destinations is said
to be fuzzy basic feasible solution if the number of positive
allocations are (m +n — 1).

2.8 Definition: [24] A fuzzy feasible solution to a fuzzy
transportation problem with m sources and n destinations is said
to be fuzzy degenerate basic feasible solution if the number of
positive allocations is less than(m + n — 1).

2.9 Definition: [24] A fuzzy feasible solution to a fuzzy
transportation problem with m sources and n destinations is said
to be fuzzy non degenerate basic feasible solution if it contains
exactly (m + n — 1) occupied cells.

2.10 Definition: [24] A fuzzy feasible solution is said to be fuzzy
optimal solution if it minimize the total fuzzy transportation
cost.

2.11 Theorem: [21] Existence of a fuzzy feasible solution.

Statement: The necessary and sufficient condition for the existence of

fuzzy feasible solution to the fuzzy transportation is

m n
Su-3
i=1 =1

Proof: Necessary condition: Let there exist a fuzzy feasible solution
to the fuzzy transportation problem

m n
Zmin = Z Z CijXij
i=1j=1
Subject to the constrain
n
Xij = a;, i=1,2,. .. ,m
=1
m
Zx”—bj, j=1,2, . n
i=1
x;j=0 forallij.
So we get
n
injzal, i=1,2 ... ,m
j=1
m n m
2. 2.5 = )
i=1j=1 i=1
Also from



xij=bj, j=1,2 .. ,n
i=1
We have
n n n
Z Z Xij = Z bj
j=1i=1 =
m
Z"u—bp J=12 n
i=1
Hence

m n
Sufficient condition: Let us consider that Z a, = Z b iIx We have
i=1 Jj=1

to distribute the supply at the i-th source in proportion to the
requirements of all destinations. Let x;; = k;b;, where k; is the

proportionality factor for the i-th source. Since the supply must be

m n
inj = klzbl
c =

completely distributed.

i=1
Therefore,
a;
xl-] = klbj = on b b]
j=1%J
n n n
a;
xl']' =ki b] n bj =a;
— = j=1Dj &=
J= Jj=1 Jj=1
m m
=b

which shows that all the constrains are satisfied. Since a; and b; are

positive, x;; determined must be positive. Therefore the fuzzy

transportation problem yields a fuzzy feasible solution.

2.12 Theorem: [25] The dimension of the basis of a fuzzy

transportation problem are (m+mn—1). That a fuzzy
transportation has only (m +n—1) independent structural
constraints and its basic feasible solution has only (m +n — 1)

positive components.

Proof: Consider a fuzzy transportation problem with m sources and

n destinations,

Minimize Z =

INGE

Ci]-xi}-

4

j=1

Il
=

Subject to the constrain
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xijzbj, j:1,2,

i=1
and x;; = 0 for all { and j.
Let us assume that a fuzzy transportation has m rows (supply
constraint equations) and n columns (demand constraint equations).

Therefore there are totally (m + n) constraint equations.

m n
This is due to the condition that ZGI. = Zb ; which is the least
i=1 j=1
requirement constraint. Therefore one of (m + n) constraints can
always be derived from the remaining (m + n — 1). Thus there exists
only (m+n—1) independent constraints and its basic feasible
solution has only (m + n — 1) positive components.
2.13 Fuzzy Vogels Approximation Algorithm (FVAM)
Setp 1: From the fuzzy transportation table determine the penalty for
each row and column. The penalties are calculated for each row
column by substituting the lowest cost element in that row or column
for the next cost element in the same row or column. Write down the
penalties below and aside of the rows and columns respectively of
table.
Step 2: Identify the column or row with largest fuzzy penalty. In case
of tie, break the tie arbitrary. Select a cell with minimum fuzzy cost
in the selected column (or row) and assign the maximum units
by

corresponding to the selected cell.

possible considering the demand and supply position
Step 3: Delete the column (or row) for which the supply and demand
requirements are met.

Step 4: Continue steps 1 to 3 for the resulting fuzzy transportation
table until the supply and demand of all sources and destinations have
been met.

2.14 Fuzzy Zero Point Method (FZPM)

Setp 1: Construct the fuzzy transportation table for the given fuzzy
transportation problem and then, convert it into a balanced one (if it
is not).

Step 2: Subtract each row entries of the fuzzy transportation table
from the row minimum.

Step 3: Subtract each column entries of the resulting fuzzy
transportation table after using the Step 2. From the column

minimum.



Step 4. Check if each column fuzzy demand is less than to the sum of
the fuzzy supplies whose reduced costs in that column are fuzzy zero.
Also, check if each row fuzzy supply is less than to sum of the
column fuzzy demands whose reduced costs in that row are fuzzy
zero. If so, go to Step 7. (Such reduced table is called the allotment
table). If not, go to Step 5.

Step 5. Draw the minimum number of horizontal lines and vertical
lines to cover all the fuzzy zeros of the reduced fuzzy transportation
table such that some entries of row(s) or / and column(s) which do
not satisfy the condition of the Step4. are not covered.

Step 6: Develop the new revised reduced fuzzy transportation table
as follows: (i) Find the smallest entry of the reduced fuzzy cost
matrix not covered by any lines. (ii) Subtract this entry from all the
uncovered entries and add the same to all entries lying at the
intersection of any two lines. and then, go to Step 4.

Step 7. Select a cell in the reduced fuzzy transportation table whose
reduced cost is the maximum cost. Say (a ,p ) . If there are more than
one, then select anyone.

Step 8. Select a cell in the a -row or/ and B — column of the reduced
fuzzy transportation table which is the only cell whose reduced cost
is fuzzy zero and then, allot the maximum possible to that cell. If
such cell does not occur for the maximum value, find the next
maximum so that such a cell occurs. If such cell does not occur for
any value, we select any cell in the reduced fuzzy transportation table
whose reduced cost is fuzzy zero.

Step 9. Reform the reduced fuzzy transportation table after deleting
the fully used fuzzy supply points and the fully received fuzzy
demand points and also, modify it to include the not fully used fuzzy
supply points and the not fully received fuzzy demand points.

Step 10. Repeat Step 7 to Step 9 until all fuzzy supply points are
fully used and all fuzzy demand points are fully received.

Step 11. This allotment yields a fuzzy solution to the given fuzzy
transportation problem.

3 Formulation

In this section we are presenting an algorithm to find the fuzzy
feasible solution and fuzzy optimal solution of a fuzzy transportation
problem.

Consider a fuzzy transportation problem which has described in this
paper. For this fuzzy transportation problem a; and b; are fuzzy

quantities which are represented by triangular fuzzy numbers
a; = [[—oo,ai(z),ai(3)]] and bj = [[bj(l).bj(Z),oo]]. Also the

transportation cost per unit is given by ¢;; = [[—00, Cij @, ¢ j (3)]].
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Then the membership function of a;, b; and c;; are as follows:

1 ; a; < a;®
_a®
a; a;
(@)=12"% " . @D<qg<aqg®
HE =100 —q® i 1=
0 H ai(3) < a;
0 H bj < bi(l)
b, — b,V
_). b (€] @
u(by) = 5@ _p @ b’ < b; < by
[2 =5
1 H Cij < Cij(z)
— e ®
) STy
we)=\—o—rm &+ wP=wy=sqy®
J )
0 i Ci]'(3) < Cij

There are one a; = y;~*(a) and b; = p;7*(a) each of them exists in
0 < a <1 and the membership function are monotone for0 < a <
1. If these numbers are explained with a — parameter, then we
obtain from u(a;) = a and ,u(bj) =a:

a; = (@) = a;® — a(q;® — a;®)

b= w7 (@) = b +a(5® ~ bP)
For increasing of @ — parameter is caused that the quantity of a; in
i™ source decreases and the quantity of b; in j™ destination increases.

The total quantities in the sources is

m m
Z a; = Z (ai(x) - a(a;® - ai(z))) 5)
i=1 i=1
The total demand in the destination is
n m
D= (5 + ot - ™)) ©)
= i=1

The membership functions of these numbers are shown in the

following figure:

'u(x) 4 a a

5

i=1

n

m
&
Z b; Z @®

j=1 i=1

2

i=1

n
()
2.1
=1

Figure: The membership function of supply and demand



The total demand and total supply satisfy Y;2;a; = X7, bj, then

§1”z( ) ngbj( )
a=- . @
El(a"m )+ B (bj ) )
Where é(%@ - 1(2)) + é] (bj( ) bj(l)) >0

>

i=1

)]}

If @ <0 then the maximum satisfactory level becomes balanced by

«a must satisfy the equation o = maxmin { y(

a@elo1].

constructing the artificial source.

Again, if 0<a <1 then the problem becomes balanced by
constructing the artificial destination. Using linear transformation, the

corresponding satisfactory level may be found as

Bal-25/0- % (”f(z) ”J(I))“'
, =l Jj=1 J=1 a !
o = AmE] 2 wherea" <a <a'  (8)
'gl(ai e )
n m (3
Forosﬂgalfgbj( <§a,'(),then
=1 i=1
g b; @) -2 al(3)
= A = 2) _m (3)
B="n (2)  (3)) endif Zlb > 2.9 " sthen A=0.
%(gi i

i & >1 then by constructing the demand center to

E 4 %bf igl( ;(3)—(“1'(3) _ai(Z))a)

_él(bj(l) _( bj(2) B bj(l))a)

quantity, the problem can be balanced.
Then the satisfactory level (0‘) can be increases as much as

(0‘ = 1) but in solution involving quantities out of intervals the

(“) value because (“ < 1) .

Thus, to become balanced the problem, @ s defined to the sum

(- (o)) s

of

m
of the quantities in sources El

to the sum demand quantities
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n
2
J=1

) 0

J J

("

dummy) source or demand centers are established with respect

+(b e

)a) . Then the artificial (or

to the structure of the problem. Therefore the problem would

become balanced.
Then the satisfactory level (0‘) can be increases as much as
(a = 1) but in solution involving quantities out of intervals the

(0’) value because (‘7‘ < 1) .

Thus, to become balanced the problem, & s defined to the sum

T N
of the quantities in sources = | % aj g )] and
to the sum of demand quantities
af, M (, 2, 0
jél(b j +(b i ~bi")e| . Then the artificial (or

dummy) source or demand centers are established with respect
to the structure of the problem. Therefore the problem would

become balanced.

3.1 An Illustrative Example

Consider a numerical example of fuzzy transportation problem
which is given below:

FDI FD2 FD3 FD4 Supply
FST [[1,2.3,4] [[1,3.4.6] |9 11,1214 |[5.7.8 111 |[1,6,7,12]
FS2 |[0,1,2,4] |[1,0,1,2] |[56,5, 78] [0,1,2,3] [0,1,2,3]
FS3 13,568 |[5892 |02 15,16,19] |[7,9 10,12] |[5, 10, 12, 17]

Demand |[5,7,8, 10] |[1,5,6,10] |[1,3,4,6] [1,2,3, 4]

3.2 Two Stage Method
Stage 1:
The fuzzy initial basic feasible solution using Fuzzy Vagol’s
Approximation Method (FVAM) is
[11 @, 20, P, %0, @, ;P ] = [-9,0,2,11]
[xlz(l)'xlz(z)'x12(3)'x12(4) ] =[1,5,6,10]
[x24(1), x24(2), x24(3), x24(4) ] =1[0,1,2,3]
[x31(1),x31(2),x31(3),x31(4)] =[-6,5,8,19]
[x33(1),x33(2),x33(3),x33(4) ] =1[1,3,4,6]
[x34(1),x34(2),x34(3),x34(4) ] =[-2,0,2,4]
The is
Z = [-55.5,93,154,302.5] and the crisp value or rank is
(—55.5+93 + 154 + 302.5)/4 = 13.5.

initial fuzzy transportation cost



Stage 2:
The fuzzy optimal solution using FMDM in terms of trapezoidal
fuzzy numbers is as follows:
X12 = [xlz(l),xlz(z),x12(3),x12(4) ] =[1,5,6,10]
X13 = [x13(1),x13(2),x13(3),x13(4)] =[-9,0,2,11]
X23 = [ng(l),ng(z),x23(3),x23(4) ] =[0,1,2,3]
X31 = [x31 @, 231 @, 23, x5, @ | = [-15,5,10,30]
X33 = [x33(1).x33(2),x33(3),x33(4) ] =[-13,-1,3,15]
X34 = [x34(1),x34(2),x34(3),x34(4)] =[-2,1,4,74]
The total fuzzy transportation cost is Z = [—403,45.5,196.5, 645]
and the crisp value or rank is (—403 + 45.5 + 196.5 + 645) /4 =
121.
3.3 Fuzzy Zero Point Method
The optimal solution by using FZPM proposed by Dinegar and
Palanivel [12]
X12 = [xlz(l),xlz(z),x12(3),x12(4) ] =[1,5,6,10]
X13 = [x13(1),x13(2),x13(3),x13(4)] =[-9,0,2,11]
X23 = [ng(l),ng(z),x23(3),x23(4) ] =1[0,1,2,3]
X31 = [x31(1),x31(2),x31(3),x31(4) ] =[5,7,8,10]
X33 = [x33(1),x33(2),x33(3),x33(4)] =[-9,-1,3,11]
X34 = [x34(1),x34(2),x34(3),x34(4)] =[1,2,3,4]
The total fuzzy transportation cost is Z = [—202.5, 66, 176,444.5]
and the crisp value or rank is (—202.5+ 66 + 176 + 444.5) /4 =
121
Although, the values of the variables as obtained by Pandian and
Natarajan [28] are same as what obtain by the authors, but the
optimal fuzzy transportation cost by the present method is 121
whereas, as obtained by Panadian method the solution obtained is
132.17.
4  Conclusion
In this paper, the transportation costs are taken as fuzzy numbers
which are more realistic and general in nature. Mathematical
formulation of fuzzy transportation problem is discussed with
relevant numerical example. Numerical example shows that using
this formulation one can have the optimal solution as well as the crisp
and fuzzy optimal total cost. Moreover, the fuzzy transportation
problem of trapezoidal numbers has been transformed into crisp
transportation problem using Robust’s ranking indices and then
obtained the optimal solution FVAM and FZPM. By this formulation

technique one can also be used for solving various other problems
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also like, project schedules, assignment problems, network flow

problems etc.
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